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Central Limit Theorems in the Area of Large

Deviations for Some Dependent Random Variables
by

Narasinga Rao Chaganty and Jayaram Sethuraman

ABSTRACT

A magnetic body can be considered to consist of n sites, where n is large.

The magnetic spins at these n sites, whose sum is the total magnetism present in

(n) (n)
RTINS S ¥

Standard theory of Physics would dictate that the joint distribution of the spins

the body, can be modelled by a triangular array of random variables (X

can be modelled by dQn(f) = z;l exp[-Hn(Ejl HdP(xj), where x = (xl,...,xn) € Rn,
where Hn is the Hamiltonian, z, is a normalizing constant, and P is a probability
measure on R. For certain forms of the Hamiltonian Hn’ Ellis and Newman

(Z. Wahrscheinlichkeitsheorie und Verw. Gebiete 44(1978) 117-139) showed that

under appropriate conditions on P, there exists an integer r 21 such that Sn/nl‘l/zr

converges in distribution to a random variable., This limiting random variable

is Gaussian if r=1 and non-Gaussian if r22. In this article, utilizing the

large deviation local limit theorems for arbitrary sequences of random variables
of Chaganty and Sethuraman (Ann. of Probability, 13 (1985)), we obtain similar

central limit theorems for a wider class of Hamiltonians Hn’ which are functions

- —4
of moment generating functions of suitable random variables. We also present R

R
a number of examples to illustrate our theorems. o]
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1. Introduction.

»In this article we obtain central limit theorems for some dependent random
variables which are used to describe the distribution of magnetic spins present
in a ferromagnet crystal. A ferromagnet crystal consists of a large number of
sites. The amount of magnetic spin present at site i will be denoted by
i=1, ..., n, where n is a positive integer. The magnetic spin present

x™
1

at any site interacts with the magnetic spins at its neighboring sites and

(n)'s.

hence gives rise to some dependency among the random variables Xi In the

Ising model, the joint distribution, at a fixed temperature T > 0, of the spin

(n) (n)
X7 X

random variables ( ), is given by

-1 Hn(é)
(1.1) dQn(E) =z " exp |-—5% ndP(xj),

where x = (x .,xn) e ® and P is a probability measure on R. The function

17
Hn(i) is known as the Hamiltonian and it represents the energy of the crystal
at the configuration x, and 2z is a normalizing constant which is also known as
the partition function. In many cases, an explicit evaluation of z, is very

difficult and physicists usually try to evaluate the limiting free spin per state

g(T), at the temperature T, defined as follows:

(1.2) £(T) = - 1im [(log(z ))/n].

For some particular types of Hamiltonians, it has been shown by physicists that
there exists a temperature level Tc such that the function £(T) is infinite or
finite according as T'<Tc or T'ZTc (see Kac (1968)). A phase transition is said
to occur at the critical temperature Tc. As pointed out by Ellis and Newman (1978b),

the existence of the critical temperature can be demonstrated in yet another way.

We may be able to show that for T>'Tc, there is a weak dependence among the random

variables (x{“),...,xgn)) and a standard central limit theorem is valid for Sn//ﬁ
and that for T='Tc, there exists a § € (1,2) such that Sn/nM2 converges to a f:i;
]
/ - e . - Y
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non-Gaussian limit and for T < Tc, due to the strong dependence among the X
the random variables tend to cluster in several ergodic components. This shows a
marked discontinuity in the asymptotic distribution of Sn as the temperature T is
allowed to vary and represents our approach to demonstrating a phase transition.

In section 2, we consider a special case for the Hamiltonian, Hn’ by setting
it to be equal to - i%-Einxj. This is known as the Curie-Weiss model. The
asymptotic distribution of Sn for this model when P (which appears in Theorem 2.1)
is symmetric Bernoulli is obtained by Simon and Griffiths (1973). In a two paper
series, E1lis and Newman (1977, 1978a, 1978b) extended Theorem 2.1 of Simon and
Griffiths to the class of probability measures L, defined in 2.2 (see also Ellis
and Rosen (1979)). We state their extension precisely in Theorem 2.6. Recently
Jong-Woo Jeon (1979) in his Ph.D. dissertation gave a simpler and statistically
motivated proof of Theorem 2.6. The goal of this article is to extend Theorem 2.6
for a larger class of Hamiltonians H and probability measures P. Our main result,
Theorem 3.7 is stated in Section 3. The proof of Theorem 3.7 relies on a recent
large deviation local limit theorem of Chaganty and Sethuraman (1985), which is
restated in Section 3 as Theorem 3.4.

Let Tn’ n 2 1, be an arbitrary sequence of random variables with analytic

moment generating function ¢n(z). We assume that Tn satisfies the conditions of

Theorem 3.4. In our generalized model the Hamiltonian Hn(f) is taken to be

equal to - log[¢n(sn/n)], where Sy T Xt ... 4 X, Thus, the joint distribution

of the spin random variables (Xgn),...,xén)) is given by

(1.3) 40, (0 = 2" 4, (s, /m) TP (x,),

where P is an arbitrary probability measure. Let Sn = X{n)+... + Xﬁn). Under o

appropriate conditions on the probability measure P we show in Theorems 3.7 and ;fﬂi
1-1/2r 7

3.18, there exists an integer r 2 1 such that Sn/n converges in distribution o

to a random variable er, which has a non-normal distribution when r 2 2 and normal

distribution when r=1. The technique of our proof is to introduce a new random
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(n)
1

variable Wn, conditional on which, X; 7, ..., Xén) become i.i.d. It is easy

to obtain the limiting distribution of Wn and the conditional asymptotic distri-

bution of Sn/nl'l/zr. Using the results of Sethuraman (1961) we deduce the

asymptotic distribution of Sn/n1°1/2r.

We now briefly give our reasons for calling these theorems on the asymptotic
distribution of Sn under Qn’ defined in (1.3), as limit theorems in the area
of large deviations. A standard technique to obtain the asymptotic distribution
of Sn under Qn is to first obtain the asymptotic distribution of Sn under Pn’

where

(1.4) dPn(E) = HdP(xj)

and then to use contiguity arguments, as in LeCam (1960). This technique breaks
down completely if r22. For the various models considered in Physics which

are described in greater detail in Sections 2 and 3,

dQ,(x)  H (»)
(1.5) L, (| = |1og 35;@" =| —=p—+ log z |

converges to < in probability under Pn and thus contiguity arguments are not
applicable here. Under Pn’ Sn/VG'has a limiting normal distribution, also,

|Ln(§)| is small in the area of ordinary deviations of S_, that is, when Sn//H

n*
is finite, while it is large otherwise. Thus from the point of view of P, we
are looking for the asymptotic distribution of Sn’ when Pn is modified by Ln(f)’
which is substantially different from 1 in the area of large deviations of Sn'
This view point helps in a statistically motivated proof of the asymptotic
distribution of Sn under Qn and describes the background behind the title of
this article. One should also note that the normalizing factor on Sn in its

asymptotic distribution under Qn is different from the corresponding factor

under Pn'




..................

2. A Brief Summary of Curie-Weiss Model and Its Extensions.

In a ferromagnetic system with only isotropic pair interactions and with
no external magnetic field, the Hamiltonian Hn’ may be taken to be ~%ZZaijxixj,
where a.ij 2 0. The Curie-Weiss model assumes that aij==% for all i and j, that

is to say that each spin interacts equally with every other spin with strength

%-and takes P to be symmetric Bernoulli, i.e., P({-1})=P({1}) = %u Replacing
P by Pr(x) = P(x/T ), we get
2.1) dQ () = z_' expls>/2n] ndp(x,),
J
where Sp = Xyt v X This model has the advantage that the limiting free

spin per state can be solved exactly. The existence of the critical temperature
and phase transition for this model was demonstrated by Kac (1968). The
asymptotic distribution for the total magnetism, Sn’ for this model was obtained

by Simon and Griffiths (1973), This is contained in Theorem 2.1.

Theorem 2.1 (Simon and Griffiths). Let X§n) » J=1, ..., n be a triangular array
of random variables whose joint distribution is given by (2.1) and P be symmetric
Bernoulli. Then Sn/n3/4 converges in distribution to a random variable whose
density function is proportional to exp(-y4/12).

Theorem 2.1 was extended to the class of probability measures L, which is

defined below, by Ellis and Newman (1978b).

Definition 2,2, Let L be the class of probability measures P on R such that

(2.2) [ exp(x®/2) dP(x) < =.

-0

Fix Pe L. It can be shown that condition (2.2) guarantees the existence
of the moment generating function (m.g.f.), m(u}, of P. Let h(u) = log m(u) be
the cumulant generating function (c.g.f.) of P. The function G(u) = u2/2 - h(u)

plays an important role in Theorem 2.6 below.

................................
......................
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Definition 2.3. A real number m is said to be a global minimum for G if

G(u) 2 G(m) for all u. )

Definition 2.4. A global minimum m for G is said to be of type r if

(2.3) G(u+m) - G(m) = Cr uzr/(Zr)! + 0(|u|2r+ 1) as u»0,
where Cop = G(Zr)(m) is strictly positive.

Definition 2.5. A probability measure P is said to be pure if G has a unique

global minimum.
Let Yr,'rz 1, be a sequence of random variables with density function pr(y),

where
d_ exp [-c, ¥'T/(20)1] if r22

(2.4) P.(¥)=

N(O, (1-02)/0 if r=1

2)
and where dr is the appropriate normalizing constant. With these definitions
and notation we are now in a position to state the generalization of Theorem 2.1,

due to Ellis and Newman (1978b).

Theorem 2.6. (Ellis and Newman). Let Pe L. Let P be pure, that is, let m be the
unique global minimum of type r for G. Let x§“), j=1, ..., n, be a triangular
array of random variables with joint distribution given by (2.1). Let

s = x™ .+ xX™ then
n 1 n

1-1/2r g

(2.5) (Sn-nm)/n Y

r,
where Yr is a random variable with density function given by (2.4).
It is easily verified that the symmetric Bernoulli measure is pure and _;53

belongs to the class L with the corresponding value of r equal to 2. Thus

Theorem 2.6 contains Theorem 2.1.

......




-------
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Note that the moment generating function M(z) of the standard normal is

given by exp (22/2). Thus we can write (2.1) as
(2.6) dQ (0 = 27! M(s /1" ndP (x,).

One might ask the question whether it is possible to obtain limit theorems
of the type (2.5) when [M(z)]n is replaced by the m.g.f. ¢n(z) of a random variable
Tn’ satisfying some conditions. We answer this question in the affirmative in the
next section.

3. Further Extensions of the Curie-Weiss Model.

In this section we propose to extend Theorem 2.6 by enlarging the class of
Hamiltonians as well as the class of probability measures L. The large deviation
local limit theorems for arbitrary sequence Tn, nz1, of random variables of Chaganty
and Sethuraman (1985) (stated below) plays a key role in this extension. The
Hamiltonians, Hn’ in our generalized model (3.13) are taken to be the cumulant

generating functions of these random variables Tn'

Let {Tn, n21} be a sequence of non-lattice valued random variables with
m.g.f.'s ¢n(z) , n21, which are analytic and non-vanishing for z in Q= {z: [Real(z)| <c}, j%:.’::";

with 0<c<=. Let I=(-a,a) and @ = (z: [Real(z)| <a}, where 0<a<c., Let

(3.1) tbn(z) -ln— log ¢ (z) , for z e @

(3.2) and Y, (1) sup [us - ll)n(S)] , for u e R,

Is| < ¢

Let A = {wr;(s); se I}. For ue A_, we have Yn(u) = [usn— wn(sn)], where Sy € I satisfies

n’
wr'x(sn) =u. Let P be a probability measure which satisfies the following condition:
¢ -
(3.3) J exply (x)] dP(x) < = for all n21. -
_c -

Let h(u) denote the c.g.f. of P. It is easy to check that condition (3.3) implies

Y
that h(u)} is finite for u ¢ Rn, where _ .'_-i
(3.4) Rn = {u: Yn(u) < @}, ‘-‘

R
bet Yo (W - h(u) for u e R )
(3.5) V(u) = o

n o for u ¢ Rn . S




The function Vh plays the same role as the function G of Section 2.

Definition 3.1. Let L* be the class of all probability measures P on (-c¢, ¢)

satisfying condition (3.3). We assume that there exists £, 1N >0 such that

P
(3.6) [ expl-2v_ (w1 du=o0(m ),
n

and Vh's have a unique global minimum at some point m - Furthermore there

exists n > 0 such that

(3.7) I linf [Vh(mn+u]-vn(mn)] = [Vh(mn:ta) -Vh(mn)] for all 0<$§ <n -
u| >§

Remark 3.2. Condition (3.7) is used mainly in inequality (3.27) of Lemma 3.13.

An easily verifiable sufficient condition for (3.7) is

(3.8) Vﬁ(u) >0 for u> m and Vﬁ(u) <0 for uc< m -

In all the examples of section 4 we will be verifying (3.8) instead of (3.7).

Remark 3.3. Suppose that Rn = (-»,®), If Yn(u)/lul converges to » as |u| +w,

then condition (3.3) implies (3.7) as seen below:

(3.9) exp[-Vn(u)]

exp[-Yn(u) + h(u)]

= exp[-yn(u)][ f explux] dP(x) + exptux] dP(x)]
|x|<A x|>A

< exp[-yn(u) + uAl] + | H Aexp[wn(x)] dP(x)
Xt >

Yo (W
Y

IA

expl-|ul ( -A)]+ fexp[wn(x)]dP[x).

|x|>A

The right hand side can be made close to zero first by choosing A and then letting
[u| »». This shows that V (u) >« as |ul +=. Since m is the unique global mini-

mum of Vn, this also shows that condition (3.7) holds.

.....................................
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Let mo€ An' Then there is a T, in I such that w&(Tn) =m,. Forte I,
define
(3.10) Gn(t) = wn(rn) + it:mrl - wn(Tn-+1t).

The following theorem, which provides an asymptotic expansion for the density
function kn of Tn/n in terms of the large deviation rate Yo is due to Chaganty

and Sethuraman (1985).

Theorem 3.4. Assume the following conditions for Tn:

(A) There exists 8 > 0 such that Iwn(z)l <8 for z e, andn 1.
(B) There exists a > 0 such that w;(T) 2afortelandn 2 1.
(C) There exists n > 0 such that for any 0 < § < n,

| ?nf Real (Gn(t)) = min[Real(Gn(d)), Real(Gn(—G))], for n 2 1.
t|26

(D} There exists p > 0 such that

sup [ o (r+it)/0 (1)1 at = o).

1€l -=
Then 1/2
n 1
(3.11) ko(m) = Z’W exp(-ny (m J)[1+0()].
Remark 3.5. When Tn is the sum of n i.i.d. random variables, condition (C) is i
automatically satisfied and conditions (A), (B), (D) are easy to verify, since i
they do not depend on n. o
Remark 3.6. Suppose that m e nAn. Then there exists En ¢ I such that wg(in) =m,
for n 2 1. 1In this case one can verify that @(gn)/@(rn) =1 +0(|mn -m|)] i
- 4
and thus we can rewrite (3.11) as :j;j
- 1
R
------- - e - . . . . - . . . . . - 1
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The cunulant generating fumction of P is given by
(4.6) h(u) = 10g(3/2) - 3 log|u| + |u] + 10g[|u|(1+e_2‘ul) - (1~e‘2|u|)], u e R.

Therefore u € R,

4.7) V(u) = y(u) - h(uw

[0}

[-1+Y14u? 1+ log|u| + log[-1+ v1+u?1- |u|

- log[\u\(1+e'2(u() - (l—e'zlu()] + log(4/3).
Part (I). We just need to verify (4.1). Now

(4.8) V' (uw

Y1+(1/u?) + (2/u) - u/(ucoth(u) - 1)

v

1+ (2/u) - u/(ucoth(u) ~ 1)

_ (u¥+u) (coth(u) - 1) + ucoth(u) -2
(ucoth(u) - 1)

>0

for u 2 2, since ucoth{u} - 1 > 0 and coth(u} > 1. Again

(2 + Y1 +u?]lucoth(u) - 11 - u?
ulucoth(u) - 1]

(4.9) V' (u) = foru > 0.

By differentiation one can verify that

2 4
(4.10) ucoth(u) - 1 = 23_ - %5- for 0 < u < 7.5
and
2 4 2

u

(3.11) u v e
3 45 2+ VY1+u2

for 0 < u < 2,19,

These two inequalities show that V' (u) > 0 in the region 0 < u < 2. Since

V'Y (0) = y"(0) - R"(D) = %—- -Sl~= 1—30- , V has a unique global minimum of type 1. -

----------
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written down. Part (I) will show that V has a unique global minimum of type r at
m = 0. Part (II) will verify the four conditions of Theorem 3.4 or Theorem 3.16
depending on whether T is non-lattice or lattice. Part (III) will verify condi-
tions (3.3), (3.6) and (3.8) that insure that P € L*, in the case of continuous
P and conditions (3.3), (3.8) and (3.38) that insure that P ¢ LI, in the case of
discrete P. These three parts will imp. that the random variable Sn’ after proper
normalization converges in distribution to Y;, for appropriate value of r.

The verifications of parts (II) and (III) are usually very easy. The veri-
fication of Part (I) presents more difficulties. However, in all the examples

considered, Vis symmetric around the origin and hence Part (I) is verified once

we show that
(4.1) V'(u) > 0 for u > 0.

Note that (4.1) also verifies condition (3.8). The verification of (4.1)
is routine in all the examples, but sometimes long, and therefore only the main
steps are presented. One should also note that in part (II),condition (C) or

(C') is automatically satisfied by Remark 3.5.

Example 4.1. Let F have p.d.f. (1/2) exp(-|x|), -*<x<=, and P have p.d.f.

(3/4)(1 - xz) for |x| <1. Thus the joint distribution Qn given in (3.13) becomes
-1 n 2,2.,-n 2
= - n(1 - i
4.2) dQn(§) z, (3/4) (1 sn/n ) 1 xj) dxj.

In this case

2_-n
(4.3) ¢n(z) = (1-27) and
(4.4)  ¥(z) = -log(1-2%) for |Real(z)]=< 1,
(4.5) y(u) = log 2 + [-1 + Y1+u2 1-21og |u| + log [-1+ V1+uz], for u € R.
o e e e - ;':‘_-‘.:4 ._‘\ -- '.‘.:'- _____ T
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where
T (E)

* _ -1/2r
(3.43) gn(yn) = n—(ij/—mz— kn(mn+n

) exp[n(h(mh-rn-llzr

yo) + V(@) 1.

Imitating the proofs of Lemmas 3.9 thru 3.13, one can show the following:

(i) 1 g;(yn) + g(y) as n +» », uniformly on bounded intervals of y.

|y |

(ii) ‘ |Z yar&p) » [ g dy asn e
y,l€n -=

(iii) |y lan/“rgr"‘!(yn) +0 asn > o,
n

The above three steps (i), (ii), (iii) complete the proof of Lemma 3.19.

4. Applications.

In this section we illustrate the main theorems of section 3 with four
applications and demonstrate limit theorems in quite complicated situations of
dependent variables. The model (3.13) for the joint distribution of (Xgn),...,xén))
is completely specified if Tn and P that arise in it are specified. To simplify
matters, in all the examples of this section we let Tn be the sum of n i.i.d.
random variables with common d.f.F. The four examples below contain all occurences

of lattice and non-lattice Tn, and continuous and discrete P. The limit distri-

X§n) ...+ Xﬁn)

of Theorems 3.7 and 3.18) in example 4.1 and is non-normal (r=2) in examples

bution of the normalized sum Sn = is normal (r=1, in the notation

4.2, 4.3 and 4.4, The results of Ellis and Newman (1978b) show that limit distri-
butions with every possible value of r>2 c¢an also arise in suitable models.

In all the examples below we will specify F and P and write down the joint

distribution Qn The exact expression for ‘bn’ “'n =y, Yn =y, h and VnE V will be
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If Tn satisfies the conditions of Theorem 3.16, then

1-1/2r y*

(3.40) (S, - nt )/n r’

where Y; and T, are as defined in Theorem 3.7,
The proof of the above theorem parallels the proof of Theorem 3.7. We
therefore outline briefly the modifications that need to be done. Note that

dQn can be written as

(3.41) dQ (0 = ] MM _(x)) £y,
y

n,y"j

-1/2 -1/2
/ ry /2r

y)1 is a probability mass
1-1/2r

where f;(y) = z;l kn(mn+n ) expln h(mn+n

function of a lattice valued distribution with span hﬂ = hn/n , and dM (xj)

n,y
is as defined in (3.30). We introduce discrete random variables w; with p.m.f. f;.
It suffices to show that W; converges weakly to a continuous random variable W
with probability density function f, defined in (3.35). The rest of the proof
is identical to the proof of Theorem 3.7. Note that the span, hy, of W; converges

to zero. By a theorem of Okamoto (1959), the sequence of random variables W}

will converge in distribution to W, once we prove the following:

Lemma 3.19. For ye R, define Yp = hﬁ[y/h&]. Let the probability mass function

f; and the probability density function f be as defined above. Then

(3.42) £y ) » £(y) asns,

[

uniformly on bounded intervals of y.

Proof (outline). Note that f(y) = g(y)/fg(y)dy, where g(y) is as defined in

(3.15). We first write

...................
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(C') There exists n>0 such that for any 0<§<n,

inf Real(Gn(t)) = min[Real(Gn(G)), Real(Gn(-S))J forn 21,
§ < |t] s "/Ihn|

where Gn(t) is defined by (3.10).

(D') There exists p > 0 such that Ihﬂl'1 = O(np).

Then
1/2
/n Tn 1 1
(3.27) h ] Pr(g-=m) = W exp (-ny, (m ))(1+0(5)1].

As before for a probability measure P on R, define Vn(u) as in (3.5).

The class of probability measures that are of interest is defined below.

Definition 3.17. Let L{ be the class of probability measures P satisfying

conditions (3.3}, (3.7) and (3.38) (defined below).

(3.38) ZR exp[~£Vh(u)] = O(npl) for some £, p, > 0.
ue
n

Note that (3.38) is the appropriate replacement of (3.6) for the lattice valued
case.

For Hamiltonians which are functions of the moment generating functions of
lattice valued random variables we have the following theorem almost identical to

Theorem 3.7.

Theorem 3.18. Let P ¢ LI. Let Xgn), j=1, ..., n, be a triangular array of

random variables satisfying IXgn)l < ¢ and having a joint distribution given by
-1

(3.39) dQn(E) =z, ¢n(sn/n) HdP(xj),

where o is the m.g.f. of the lattice valued random variables Ty Let

Sn = xf“) + ..t xé“). Let Vn have a unique global minimum of type r at the

point m ¢ A . Let m, converge to a point m belonging to the interior of nA,,

N IR AN AT g e TTT N YT
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The unconditional limiting distribution of (Sn-nrn)/nl'l/zr is just the mixture L
Ll

of the limiting conditional distribution and f(y), by Theorem 3.15 of Sethuraman. ) 1

This completes the proof of Theorem 3.7. ||

Remark 3.14. When Tn is the sum of independent, normally distributed random

varibles with mean zero and variance one, ¢n(sn/n) becomes exp[si/Zn] and the

class of probability measures L* reduces to the class L. Thus Theorem 3.7

generalizes Theorem 2.6 to a larger class of Hamiltonians and Probability measures.
We now state the theorem of Sethuraman (1961) which was crucially used to

1-1/2r

obtain the limiting marginal distribution of (Sn-nrn)/n in the proof of

Theorem 3.7.

Theorem 3.15 (Sethuraman). Let An be a sequence of probability measures on VxW,
where V and W are topological spaces. Let by be the marginal probability measure
of An on V and vn(v,-) be the conditional probability measure on W. Suppose that
M, converges to a probability measure u for every measurable set in V and for
almost all v with respect to u, vn(v,-) converges weakly to v(v,*). Then An
converges weakly to A, where

(3.36) A(AxB) = [ v(v,B) du(V)
A

for every measurable rectangular set A xB.
We now turn our attention to the case where Tn, nz1l, are lattice valued
random variables with spans hn’ nz1l. The following theorem, which is analogous

to Theorem 3.4, was proved by Chaganty and Sethuraman (1985).

Theorem 3.16. Let Tn’ nz1, be a sequence of lattice valued random variables with T

spans hn, nzl, Let m belong to the range of Tn/n. Assume that conditions (A),

(B) of Theorem 3.4 hold and replace conditions (C), (D) by the following:

AL
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We first note that
1-1/2r

(3.32) log EM exp[t(Sn - nrn)/n ]

n,y

B e ¢

=n|- 1-1/2r +h 1-1/2t * mn,r(y)] - h(mn,r(Y))
| n n

T tr 2
! t " t '1
N e e v, =R NP = v R WAt vl l

b

W' (m )t
h" (mn) ty + ;T—],F + 0(1) N
n

since T_ = h'(m_ ). Thu
n ( n) S

(3.33) log EM exp[t(Sn-ntn)/nl-l/zr]

n,y

h"(m)ty if r 2 2
hn(m)tz
—a

—

h"(m)ty + if v=1.

This shows that the limiting distribution of (Sn-ntn)/nl'l/zr

given wn =y
is degenerate at h"(m)y if r > 1 and N(h'"(m)y, h''(m)) if r = 1. Next we note

that

(3.34) £ () = 21 a7V () exp(n h(m, .(x)))

n n'n,r

g, /[ g, (y) dy,

where gn(y) is as defined in (3.16). By Lemmas 3.9, 3.11 and 3.13 it follows

that

(3.35) £~y = B g5 0.,
[a(y)dy

where g(y) = exp[-y2r c2r/(2r)!]. Thus the limiting distribution of L is f(y).
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Hence

Cz 1
f 1/4r gn()') dy = O(Dq) exp[-(n-,(’,) [_(7;_5’%—/—_!1—- + Kn

lyl>n

n~(2r+1)/4r]]

which goes to zero since IKn| < K for all n. The proof of Lemma 3.13 is now

complete.

Proof of Theorem 3.7. We first express dQn defined in (3.13) as follows:

(3.28)  dQ (®) = 7' ¢, (s /n) MP(x;)

z;l fexp(y's,) k (y) dy IaP(x,).

Substituting m n"1/2T

() =my e Y, we get

-1
z
n

_ -1/2r
(3.29)  dQ (x) = n Iexp(mn,r(y) sp) Ky (my () dy TdP(xy)

[}

2l a7V fHexp(ximy () - him () dP(x))

* ky(my O)) exp(nh(my _(¥)) dy

fHdMn’y(xj) £ (y) dy, where

(3.30) dMn,y(xj) = exp(xjnh’r(y) - h(mn’r(y))) dP(xj) and
(3.31) £ =20 0 2k 9) expn himy L)),

Since den(g = 1 and fclMn y(xj) = 1 for each y and j, we have [fn(y)dy = 1. Thus
we can introduce random variables Wn with probability density function fn(y) and

the representation (3.29) of dQn(i) shows that given WH==y, Xgn), j=1, ..., n are

i.i.d. with common distribuiton Mn y(x).
»

1-1/2r

We now proceed to obtain the limiting distribution of (Sn-n1n)/n under

AR Gl M g S M i M Ses st e )

A

‘. '.V. e e te
PASENEEY G PLaPy )

’ Ly
s .
B
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Substituting z = n'l/zry, we get

lYl£n1/4rgn(Y) @

< 5;52?3;7' n-(l—l/r)/Z | lf _1/4r|expt-n(vn(mn+z) - Vn(mn))ll

z|>n
+ |exp(n Y (M +2)) kn(n%-+z)|dz

p+(1+1/1)/2
< 0(n )(?Tfn'1/4r exp[-(n-l)(vn(mn-#z) - Vn(mn))]

. fexp(-Z(V“(mn+ 2) - V. (m )))dz.

The last inequality follows from Lemma 3.12. This together with condition (3.6)

yields
(3.27) / /48 () dy| < oY) max 174 SPL-M-OV (m +2) - V (m))]
lyl>n lz|>n
= oY expl- (n-2)L 1,
where
qQ=p; +p+ (1 +1/m)/2,
and
L o= ‘:?zn_1/4r[vn(nh-+z) - Vn(mn)]. This minimum is attained at
~1/4r s
z=%n by condition (3.7). Therefore,
. -1/4 -1/4
Ly = min(V, (m +n 4T oy ), 0 -0 v )y
. 2rn o (2r+ 1)/4r

’
d




(3.24) sup exp(n 1, (m +)) ky(m )| = 0™ as n e
Y

Proof. An application of the inversion formula yields (see (2.12) of Chaganty

and Sethuraman (1985)),

lexpn((m +y)s - ¥ (s))] k (m +y)|

75 [ explaCi (s +50) - up(s) - tlmy +y))] dt]

IA

Z“—N.J; 6 (s +it) / ¢n(s)[1/n dt .

Taking supremum with respect to s ¢ I and using condition (D) of Theorem 3.4 we

get .1
sup |exp(ny, (m +y)) k (m +y)| = o@®). |

y

Lemma 3.13. Suppose that Vh has a unique global minimum at the point m € An

and let 2 be as defined in (3.16). Then

(3.25) ly|£n1/4r gn(y) dy > 0 as n -+ «

Proof. Letm _(y) =m + n'l/zry. By (3.16) we have

n,r n
1/2
2my ' (E)
(3.26) |y|£n1/4r gn(y)dy B |y|£n1/4r kn(mn,r(y))

- expln(h(m, (y)) + vV, (m )31 dy

/2
2wy (&) "
- exp LL-n(Vp(m (y)) -V, (m)) 1+ ny (m (y))] dy.
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Proof. Note that n'l/zry converges to zero uniformly in y for |y| < n1/4r.

Since m is an interior point of nAn there exists Ny (independent of y) such that

mo(y) = (mn+n'1/2r

h.r y) € An forn 2 N

Applying Theorem 3.4 for n 2N3, we get
1/2

2m Yo' (&)
(3.22) | f 1/ar gn(y) dy = [_%_E.n_]

ylsn

3

|y|£n1/4r expln(h(m; . (y)) +V, (m))]

* kn(mn,r(y)) dy
[ 1yap oL, () () - Yy (m)))

+ [+ 0(im, _(y) - m}) +O(3) Wy

I ey,

where

1/4r

AMO) = Iyl s ™) expl-n(V (m (¥)3 -V, (m )]

n'n,r

L [1+0(m (n-n) +0D1,

and I(+) is the indicator function. It follows from Lemma 3.10 that lAn(y)I is
bounded by an integrable function. We can now conclude from Lemma 3.9 and

Lebesgue dominated convergence theorem that

®©

(3.23) [ 2 dy » [g(y) dy as n o,

The proof Lemma 3.11 is now complete.||

The next Lemma 3.12 is needed in the proof of Lemma 3.13.

Lemma 3.12. Let T,nz2 1 be a sequence of random variables satisfying the

conditions of Theorem 3.4. Then

P}




]

11 ]

(3.20) alv_(m +n 2Ty - v )] 2 YT ¢, J2(20)

for all n 2 N, and |y| < nl/4%, Tﬁj;

s

Proof. Let 0 < e < c2r/2. Since ch,n converges to ¢, We can find N1 such azié

that c2r,n> czr/z + ¢ for all naNl. Recall that Yn(mn) =mT - wn(rn), where T, is e

such that wﬁ(rn) =m,. It is easy to verify that yﬁ[mn) =T, and ﬂg("h) = [%;(rn)]_l. 'ﬁ

Also, Y§2r+1)(mn) is the ratio of a simple function of (2r+ 1) derivatives of ‘

wn at T, to [w;(;@]zr. Conditions (A) and (B) of Theorem 3.4 imply that all ;F'Q

these derivatives are bounded uniformly in n and that w;(rn) 2 a >0 (see (2.6) - ]
of Chaganty and Sethuraman (1985)). Hence y§2r+l)(mn) is uniformly bounded in

n and consequently V§2r+1)(mn) = yé2r+1)(mn) - h(2r+1)(mn) is also uniformly
bounded in n. Therefore

2r 2r+1
- = 1
Vh(mn+u) Vn(mn) u c2r’n/(2r). + Knu

as u + 0, where [Kn( < K < » for all n. Thus

n[vn(mnm'l/z‘”y) -V (m)]
= er c2r,n/(2r)! * l(n y2r+1/n1/2r S
> yzrczr/Z(Zr)! + y*Tle/(2D)! - K y/nl/zr]
2 y*Te, J2(21)1 _T_j
1/4r B

if |yl <n andn 2N = max{N,, (K(Zr)!/e)4r}. This completes the proof of

the Lemma 3.10. ||

Lemma 3.11. Let g and £, be as defined in (3.15) and (3.16). Then under the

hypothesis of Lemma 3.9 we have

-

(3.21) ] J'l/4r g,(y) dy ~ [ gy) dy asn + =, AN
yl $n - N
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For vy < R, let
(3.15) gly) = ‘m[-yzr ch/ (2r)! ] and

T (E,)

1/2
(3.16) = 2 " -1/2r, -1/2r,
. g, ) = | —— LM, + 0 y) exp[n(h(mn-bn y

) + V, (m )]

where £,'s are defined as in Remark 3.6. The functions gn's arise in the proof
of Theorem 3.7. Lemma 3.9 shows that gn(y) converges to g(y) as n—+« for each

y. The next four lemmas, Lemma 3.10 - 3,13, show that
(3.17) g, d » [gly) &y asn~>=.

Lemma 3.9. Suppose that Vn has a unique global minimum of type r at the point

m, € An. Let m  converge to m, where m is an interior point of nAn. Suppose that
(2r) . . . w
Vn (mn) = Lzr’n converges to Cyp @S M, Then
(3.18) g,(v) » gly) asn~»>e=.
. . -1/2r .
Proof. Fix y € R. Let mn,r(Y) = m +n y . Then mn,r(Y) converges to

m and m r(y) € An for sufficiently large n. Applying Theorem 3.4 together with

Remark 3.6, with m replaced by m. r(y) we get

(3.19) g, exPE-nvn(mn,r(y)) + n(h(mn,r(y)) + V. (m))]
S [1+0(|m_ () - m]) + 0]

expl-n(Vy (m, (1)) - V()] [1+0CIm ) =) + 0]

expl-y?Te,, /20t + n oClyl? /)1 L+ 0Clm () - ml)+ 0]

+ gy) asn >, |

Lemma 3.10. Suppose that the Vn's have a unique global minimum of type r at the

point m. ¢ An. Then there exists N such that

AR Sl S A SR AT AP O i - A A Y A
P T R et R S

L ]
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n = 'nYn(mn) 1
(3.12) k()= | ——— e [1+0(|m -m|)+0()].
PA wn(gn)

For each integer r21, let Y} be a random variable with probability density
function given by dr exp[-ch yzr/[h" (m)]zr (2r)!]1 if r22 and

N(0, h" (m) [h'" (m) +c2]/czl if r=1, where ¢ r is the constant that appears in

2
Theorem 3.7 below and dr is the normalizing factor. With these assumptions

and notation, we are in a position to state the main theorem of this section.

Theorem 3.7. Let X.(n) , j=1, ..., n be a triangular array of random variables

satisfying |X§n)| < ¢ and having a joint distribution given by

-1

(3.13) dQ(x) = z.° ¢,(s,/m)  MdR(x,),

where o is the m.g.f. of Tn and P ¢ L*, Assume that Vn’ defined in (3.5), has

a unique global minimum of type r at mo€ An' Let m ~+m and Vézr) (mn) +c,. as

n +- », where m is an interior point of nAn. Let § = Xgn) + oL, xrgn). If
Tn satisfies the conditions of Theorem 3.4, then
(3.14) (s -nt)/nl 12T § 47

) n n T

where (T ) = m and Yy is as defined above.

The proof of the above theorem is postponed until the end of Lemma 3.13.
Remark 3.8. The distribution function Qn(i) is well defined because
z = [exp[n ¥ (s /n)] HdP(xj)
C
sl exply (01 dP(0T" < =,
-C

wherein we have used condition (3.3) and the fact that wn is a convex function.

............
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Part (II). It is easy to verify that the random variables Tn,x\ZI, satisfies

conditions (A), (B) of Theorem 3.4. Condition (D) also holds because

-

(4.12) sup [ e(r+it)/e(x)| dt
|t] <a<l -w
- 1_ 2
= sup 2( ) 3 dt
|t]<a 0 [4t2 12+ (1 -12+¢2)]%

in

2+ 2 f-li dt < o,
lt

Part (III). To show P ¢ L*, we only need to verify conditions (3.3) and (3.6).
Condition (3.3) trivially holds since exp{¢(u)] is bounded on (-1, 1), the support
of P. Condition (3.6) on the integrability follows from the fact V(u) ~ log |u
as |u| » =,

We can therefore conclude in this example that

(4.13) sn/%E ¢ N(o, 1/3).

Example 4.2. Let F be the distribution function of the sum of two independent
and identically distributed uniform random variables on the interval (-b,b) with
b= V3/V2Z . Let P be standard normal probability measure. The joint distribution
Qn is given by

n sinh(bsn/n) n

-1 -n/2 1 2
.14 = - . .
(4.14) dQn(i) 2, (2m) L (bsn) 7 expl 5 ZxJ ] IIde

In tnis example

(4.15) ¢ (2) = [sinh(bz)/(bz) 1°"

(4.16) v(z)

Also
(4.17) y(w

2[log(sinh(bz)) - log(bz)] for |Real (z)] < = .

sup [us-¢(s)] for |u| <2b.

s|<e
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Thus

(4.18) V(w) = y(w) - h(w) = y(u) - (/2) 3

us, - ¥(s;) - (uz/z) , for |u| < 2b,

1
£
.

where w'(sl) =

Part (I). Differentiating (4.18) with respect to u, we get

1

(4.19) Viu = [s) - V' (s))] -

2 . ' _
[s1 - 2bs1 coth(bsl)+ 21/ $1» where ¢ (51) = u.

Taking successive derivatives one can show that t2 - 3(tcoth(t) -1)> 0 for t > O.

Letting t = bs ,and noting that b = /3]//5 , we get

(4.20) si - 2bs1 coth(bsl) +2 >0 for s; > 0.

Thus V'(u) > 0 for u > 0. With our choice of b = ¢V3 ///7 one can verify that .
V" (0) = 0 and V(4)(0) = 3/5 > 0. Therefore V has a unique global minimum of

order 2 at the origin.

Part (II). We need to verify that Tn satisfies conditions (A) thru (D) of
Theorem 3.4. Note that ¢'"(0) = 1. Hence, there exists a > 0 such that
" (1) > %-:(x for |t| < a. This verifies condition (B). It is easy to check

that condition (A) also holds for this choice of a. Consider

2
bt (sinh (b0))% + (sin(bt))? |
SITAh(57) Zala

p(r+it)
¢(7)

sup
|l <a

, - < t < ®

£
t2

for some constant c¢. Therefore
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(4.21) J le(x +it)/e(r)]dt s [ 14dt+ J%-dt <@, o
- |t] s1 ] >1t
’-‘—A——-

This verifies condition (D).

Part (III). We only need to verify that conditions (3.3) and (3.6). Let

€ > 0 be given. There exists a § > 0 such that |x| < § implies [sinh(bx)/(bx) 32 < (l+e).

Therefore
(4.22)  { explu(x)] dP(0) = (2m)" M2 [ [sinh(bx)/(bx)] exp(-x>/2) dx )

1

< (1+e) + (2m)° 12 |x|£5 [sinh(bx)/(bx) 1% exp(-x°/2) dx

-2 -1/2 [sinh(bx) ]2 e (-x2/2) dx

s ve) + 00 @m0 ] P '

x|5 6 I
L
which is finite. Hence condition (3.3) is satisfied. The other condition (3.6) i'-;Z"Z:
also holds since the integral is over a finite range and V(u) 2 -h(u). A -.Zl
Thus the random variables Tn's and P satisfy the conditions of Theorem 3.7. In
- .. o
this example :'.:
3/4 d . T
(4.23) s/t S vy, S
__.. .1
where the p.d.f. of Yé’ is given by d2 exp(-y4/40), o <y <@, : '
I "‘.‘

Example 4.3. Let F be as defined in Example 4.2. Let P be symmetric Bermoulli,

i.e., P({-1}) = P({1H) = /2. The joint distribution Q, is given by
2n
gl smh(bsn/n)

n (¥2 b s )

(4.24) Q. (x) =z

where xj = %] foralll1<j<n, andb = /3//5 . Recall that

(4.25)  y(z) = 2 log(sinh(bz)) - 2 log(bz) for |Real(z)| < =

and

(4.26)  y(w = us, - y(s)) if ju] < 2b,
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where w'(sl) = u, The cumulant generating function of P is given by

(4.27) h{u) = log cosh(u) , -® < u < o
The function V(u) = y(u) - h(u) is finite if u < 2b. Now for u > 0,

(4.28) V' (u)

s, - h'(v'(s)

[\

sl - ‘l"(sl) > 0 »

as shown in Example 4.2. Since the first three derivatives of V at the origin are
equal to zero and V(4)(0) = 13/5, the point zero is a minimum of order 2 for V.
This completes the verification of Part (I}. We have already checked Part (II)
in Example 4.2. One can easily show that the probability measure P belongs to
the class L*, completing verification of Part (III). Thus by the conclusion of

Theorem 3.7 we get
374 d .
(4.29) Sn/n hd Y2,
where the p.d.f. of Y is given by d, exp[-13y4/120], o <y <w
Example 4.4. Let F be symmetric Bernoulli distribution and P be the standard

normal probability measure. The joint distribution in this example is given by
_ -1 -n/2 . n 1.2
(4.30) dQn(é) =z (2n) [;osh(sn/n)] exp[-Iij] dej.

In this example

(4.31) ¢,(2) = [cosh(2)1", 1
(4.32) ¥(z) = log [cosh(z)], for |Real(z)| <w=. = -
o
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The large deviation rate y(u) is finite for ful <1 and is given by
(4.33) y(u) = us, - log[cosh(sz)],

where tanh(sz) = u. Since the c¢c.g.f. of P is h(u) = u2/2, we get for u>0,

(4.34) V'(uw) = s, - h'(¥'(sy))

[s2 - tanh(sz)] >0

since s2 = tanh'l(u) > 0. It is easy to check that the first three derivatives of
V at the origin are zero and V(4)(0) = 2. Thus zero is the unique global minimum
of order 2. This completes the verification of Part (I). It is easy to verify

that the lattice random variables Tn's satisfy all the conditions of Theorem 3.16.

Part (III). Condition (3.3) is trivially satisfied since Cosh(x) exp(-x2/2) is

an integrable function. Also for £ > O,

(4.35) ] expl-£(V(w)l < |  explfh(u)]
ue R ue R
n n
= % )) % exp[£u2/2]
ue R
n
n 1 2
v [ expl&u®/21 = 0(n).
-1
Therefore P belongs to the class LI. Thus by the conclusion of Theorem 3.18 we
get
3/4 d .
(4.36) Sn/n > Y,

4
where Y; is distributed as d, exp(-y /1), -0 <y < »,

-
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